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ABSTRACT

In addition to a recently acousto-optical deflector that has been the subject of both theoretical and
experimental analysis, this work presents the successful processing of two acousto-optical deflectors that
have been orthogonally positioned using two frequency-modulated ultrasonic waves. A comprehensive
theoretical analysis is conducted, based on the Collins integral and the ABCD matrix formalism, to explain
how the positions of the diffracted orders oscillate in two dimensions as a function of time. The numerical
simulation of the derived formula demonstrates the potential for steering a laser beam along Lissajous
trajectories. The trajectories in question are observed to exhibit a variety of shapes and velocities. They are
sometimes linear with sinusoidal velocities, sometimes circular with constant velocities, and often elliptical
with variable velocities. The noteworthy aspect is that all these diffracted orders traverse the spatial
domain with an identical sweep frequency, despite the heterogeneity of their trajectories and velocities.
Furthermore, these trajectories can be shaped by controlling the phase shift value. This technique can be
employed in metrology for rotation measurements based on the Doppler effect. Additionally, it can be used
to develop a spatial display that enables tracing Lissajous trajectories, rather than relying on an

oscilloscope.
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I.  INTRODUCTION

Although the fundamental principles of Acousto-Optic
(AO) diffraction have been well established for some time,
there was only a limited number of practical applications prior
to the invention of the laser. The necessity for optical devices
to control laser beams prompted extensive research on these
devices, particularly on Acousto-Optic Deflectors (AODs).
Significant advancements have been made in the field of AODs
over the past few decades. These devices have been employed
in a multitude of applications, including the development of
Radio Frequency (RF) spectrum analyzers [1], fringe projectors
[2-4], optical tweezers for particle trapping [5-9], and
frequency shifters [10, 11]. Furthermore, they were employed
to attain high diffraction efficiency and a high deflection angle,
which were used in a variety of laser-assisted advanced micro
processing technologies, including printing, patterning, and
doping (12). Moreover, AODs have been deployed for the
regulation of energy shape [13], the fabrication of a functional
device for the spatial and temporal control of laser beams [14],

the stirring and rotation of Bose—Einstein condensates, and the
control of the focal position of an optical beam in a three-
dimensional space with a rapid and precise methodology [15-
17]. The high speed of some AODs enabled the driving of an
ultra-short pulsed laser beam [18]. In recent years, the use of
Frequency-Modulated (FM) signals to obtain AOD has
attracted further attention for a number of reasons. The most
significant factor is that the three primary parameters of an
AOD, namely scanning frequency, scanning direction, and
spatial excursion, can be readily regulated by selecting
appropriate values for frequency excursion (Af) and modulating
signal frequency (f;,). Furthermore, the selection of these values
was completed with the assistance of a frequency generator, as
opposed to being conducted manually, which resulted in a
notable alignment between the theoretical and experimental
outcomes [19-20]. To corroborate the preceding findings, the
performed theoretical investigation, founded upon the Collins
integral [21-22], was further elaborated by substituting the
plane beam with a Gaussian one and the FM ultrasonic wave
with two FM ultrasonic waves propagating in two
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perpendicular directions. Subsequently, a numerical simulation
of the derived formula was conducted to show the two-
dimensional Lissajous trajectories that can be generated by
each diffracted order. Ultimately, this numerical simulation is
further developed to represent all these trajectories
simultaneously in the same space, and to elucidate how the
phase shift affects the trajectory of each diffracted order.

In order to explicate the manner by which the diffracted
orders can be steered in accordance with Lissajous trajectories,
it is first necessary to recall that the interaction between the
laser beam and the sinusoidal ultrasonic wave results in a
modification of the beam's shape, a phenomenon known as
beam shaping. The latter can be controlled by two parameters.
The first parameter, designated the Raman—Nath parameter
Y = ky,LAn, is proportional to the ultrasonic pressure and
describes the diffraction efficiency. The second parameter is
the truncation parameter, denoted by R and defined as the ratio
of the laser beam waist to the ultrasonic frequency, V/f. For
example, if we take ¥=1.5 and R =0.3, a flat-top beam is
obtained when using a sinusoidal ultrasonic wave [23-24] and a
convex-concave beam is acquired when utilizing a frequency-
modulated ultrasonic wave [25]. If the Raman—Nath parameter
is maintained at the same value and R is set to 0.53 {26-28], the
intensity of the Gaussian beam is no longer continuous.
Instead, it is divided into several diffracted orders that oscillate
according to Lissajous trajectories [29].

II. REPRESENTATION OF TWO-DIMENSIONAL
ACOUSTO-OPTICAL INTERACTION

This study proposes the construction of an AOC (1), which
will be powered by two chirped acoustic waves (2) generated
by two piezoelectric transducers that are positioned
orthogonally, as shown in Figure 1. The propagation of these
chirped acoustic waves in this medium provides two dynamic
phase gratings (3), which accurately represent the interaction of
the two chirped waves. The interaction of a Gaussian laser
beam (4), incident perpendicularly on the AOC, with these two
gratings allows for the splitting of the beam into numerous
diffracted orders, which are distributed in a two-dimensional
manner. In the focal plane of the converging lens (5), situated
immediately behind the AOC, the many diffracted orders can
be observed navigating according to different trajectories (6).
For example, Gerono lemniscate trajectories are obtained
when: Vy = 2Vy ,0 =T/,

III. REGARDING THEORETICAL BACKGROUND

In this proposal, the application of two electrical FM
signals is considered, each feeding an orthogonally-placed
piezoelectric transducer. The instantaneous frequency of each
signal is given in two directions (x, y) by the following two
equations, respectively:

fx(&) = fx + Afysin(Ruvyt + @) nH
fr(®) = fy + Afy sin(2rvyt) 2)

where, fy and fy are the carrier frequencies, vy, vy are the
modulating signal pulsations, Afy , Afy are the frequency
excursions, and ¢ is the phase shift.

Yy 2

X

Fig. 1.
interaction.

Schematic representation of two-dimensional acousto-optical

The traveling ultrasonic waves, generated by these
transducers, set up a spatiotemporal modulation of refractive
index, which can be described as:

n(x,y,t) =
. Afx .
ny + Any {sm [a)xt —kyX + f—sm(ZT[vXt -k, X +

<p)]} + Any {sin [a)yt — kyX +"Af—]1:' sin(Zm/yt—ka)]}
3

where n, is the average refractive index of the medium, Any
and Any are the index variation amplitude due to the ultrasonic
wave in two directions, and ky , ky , and k,,, are the wave
numbers of the carriers and the modulating signal, respectively.
In this analysis, a Gaussian laser beam traveling along the z-
axis is assumed. The origin (z=0) is taken at the meeting point
of two the ultrasonic waves, which propagate in perpendicular
directions. In order to simplify the subsequent calculations, the
constant phase factor will be ignored. In this case, the incident
laser beam field can be written as:

2 2
EGoyt) = Bo"lexp (- ) exp(—jw)  (4)

where E, and w, are the amplitude and the pulsation of the
incident laser beam, respectively, and w is the beam waist at
distance z. By considering (3) and (4), the output laser beam
field is:

Epue(x,y,t) =

2 2
Eo% exp (_x‘;y ) exp(—jwot)x exp(—jkoLAn,)x

2
{sin [th — kyx + A;—Xsin(ZHvXt —kn X +
(p)]} exp(—jkoLAn,) {sin [th —kyy + Aff—Xsin(vaXt -
m ) |} 5)

Based on the scalar theory of diffraction, the expression of
the field at any distance z along the propagation axis is given
by the Collin’s integral of diffraction:
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ECoy t) = - [ By (,3,6) exp [25 (Ax? — 2Xx +
. AgB 7= AoB
DXZ)] exp [ﬂ (Ax? — 2Xx + DXZ)] 6)
AoB
where (x,y) are the spatial coordinates for the plane after the

optical system defined by the transfer matrix ABCD . By
replacing (5) with (6) we get:

E(x,y,z,t) =
= /1:—BE0 %exp(—jwot) exp(—jkoLn,) exp [;0_”3 (DXZ)]

exp [ (DY?)] 7 exp(—jkoLbny {sin [wxt — kyX +
%sin(vaxt —ky X + <p]} exp(—jkoLAny) {sin [wyt -
kyy + %sin(vayt —kp y]} X exp (_ xz‘;zyz)

exp [/1]0—"3 (Ax? — 2Xx)] exp [/1]0—"3 (Ay?* — 2Yy)] (7)

After a lengthy and arduous calculation, the preceding
equation can be reformulated as:

Aofr Aofr

1061) = (M) 552 (] exp [—z (ﬂx—

prRy (1 + A;—XXCOS(ZT[UXt +

0)

2
Af—ycos(vayt + go))
fy

o ()] exp [—z (2 gt (14

®)

where 1,1, are the Raman-Nath parameters, while Ry , Ry
are the truncation parameters in two directions.

Equation (8) allows to establish a highly intriguing
theoretical framework that elucidates the two-dimensional
distribution of diffracted orders when a sinusoidal ultrasonic
wave is employed, as well as the periodic oscillation of these
orders as a function of time when the ultrasonic wave is
frequency-modulated. It is important to highlight that when an
ultrasonic wave is sinusoidal with a constant frequency, the
resulting formula is identical to that presented in [23-24]. A
notable correlation with the theoretical formula is developed in
[19], which assumes that a plane wave is presented and the
exponent multiplied by the integer number p or ¢ indicates that

the intensity varies in two dimensions with period T,,, = P
X

IV. NUMERICAL SIMULATIONS AND RESULTS

In order to present the position of each diffracted order in
two dimensions, the numerical simulation of (8) was
conducted. If the identical medium employed in [19-20] is
used, which exhibits an ultrasonic velocity of V=1,488 m/s, and
if it is considered that 1,=632.8 nm, =10 mm, and w=160 pm,
the numerical simulation yields the curves presented in Figure
2. In the first axis (X), the diffracted orders are spaced the

same distance dy = A, % Equally, the same thing happens

in the second axis(Y), where the distance between diffracted
orders is dy = A, % The diffracted orders of the third axis

(&) are obtained through the interaction of the diffracted orders
of the two axes. The direction of this axis and the distance
between its diffracted orders (d&) are determined, respectively:

¢ = arctan (];—’;) 9)

dg =1 fE+ 7 (10)

If sinusoidal ultrasonic waves are replaced by frequency-
modulated waves with the same frequency excursion
(4fy=4fy=3MHz), the same modulating signal frequency
(fx=fy=20MHz), and ¢=0, the numerical simulation of (8)
emerges and is presented in Figures 3 and 4. In theory, the
position of each diffracted order oscillates periodically along
each axis as a function of time with a scanning frequency of f;
equal to f,,. The highest position is reached at #=0, after which
the position gradually decreases until it reaches the lowest
position at #=T,/2, passing through the medium position
obtained at t=T,/4. At t=T,, the diffracted order returns to the
initial position at =0. Therefore, it can be deduced that when
an FM signal is used, the positions of the diffracted orders are
no longer constant as in the first case (Figure 1), but oscillate
periodically in three directions. The numerical results
corroborate the findings in [19, 20], which were derived from
both theoretical and experimental investigations into one-
dimensional diffraction. It is important to note that these results
can be observed experimentally using two piezoelectric
transducers placed orthogonally and having the same resonance
frequency, or using a single piezoelectric transducer and an
aluminum plate inclined at 45° to reflect the ultrasonic beam,
thereby generating an ultrasonic wave that propagates in the Y
direction. In order to avoid the overlapping of diffracted orders,
only five values of time have been selected: =0, T,/4, T,/2,
3T,/4, and T,. The spatial excursion of the diffracted order
(1,1) is noted to vary in a linear fashion as a function of
frequency excursion:

In the X axis, the spatial excursion is AX:

Xmax = AOTf,(fX + AfX)
oS! =A
Xinin = T(fX — Afy)
In ¢ axis, the spatial excursion is A¢:
Emar = "Ly + 802 + Uy + B )2
Emin =L = B2+ Uy — B )2
If Afy = Afy,
$max = AOTf’(fX + AfX)‘/Z -
Emin = 2L (fy — BVE

Therefore, it can be concluded that Aé= A X4 2, which
aligns with the numerical values derived from the curves in
Figure 3.

X = Xmax—Xmin (11)

12)

fx = fv, the spatial excursion is given by:

Af — fmax;fmin (13)
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In addition to the presented linear trajectories, alternative
trajectories can be generated by modifying the phase shift
value, as portrayed in Figure 5. The objective of this study is to
generate all the required trajectories simultaneously and in a
single space by increasing the RAMAN-NATH parameter.
Figure 6 demonstrates the emergence of higher diffracted
orders as the parameter is increased and the impact of phase
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Representation of intensity two-dimensional distribution of diffracted orders: (a) fy = fy = 10MHz (¢ = 45°), (b) fy = 2fx = 20 MHz , ¢ = 63.43°.
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Representation of intensity two-dimensional distribution of diffracted orders for different values of time, (a) front view, (b) top view.

shift variation on the trajectory of each diffracted order is
augmented.

The numerical simulation of the theoretical formula
demonstrates the existence of numerous diffracted orders, some
of which oscillate in accordance with linear and simultaneous
movements along the two axes (X, Y), while others exhibit

www.etasr.com

Ourahmoun & Guessoum: Mathematical and Numerical Explanation of the Nonlinear Acoustic Wave ...



Engineering, Technology & Applied Science Research

Vol. 14, No. 5, 2024, 17099-17105 17103

linear, circular, or elliptical motion contingent on the specific
shift phase value. When ¢=0° or ¢=180°, radial and azimuthal
linear trajectories are obtained, respectively. When ¢=90°,
circular, horizontal, and vertical elliptical trajectories are
obtained. For the remaining phase shift values, diagonal
elliptical trajectories with different slopes are attained. Notably,
despite the diversity of trajectories and velocities, all these
diffracted orders navigate in space with the same sweep
frequency.
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Fig. 4. Representation of intensity one-dimensional distribution of

diffracted orders for different values of time.

V. CONCLUSIONS

The interaction of a laser beam with two chirped acoustic
waves propagating in two perpendicular directions permitted
the development of two distinct fields: beam shaping and beam

steering. This paper presents a theoretical and numerical
demonstration of the ability to split an incident laser beam into
multiple diffracted orders. Each of the resulting beams travels
in space according to its own trajectory and velocity. The linear
trajectories are distinguished by a sinusoidal velocity, whereas
the circular ones exhibit a constant velocity.
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Q g @ .
=
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Fig. 5. Representation of intensity two-dimensional distribution of
. . . Tm 2Tm  3Tm 4Tm 5T
diffracted orders for different values of time: t = 0,—=2,—%, =& =& 2m

8’ 8
2, T (a) p=n/2, (b) p=n/4.

The derived formulas enabled the enumeration of all key
parameters that can influence the shape, velocity, and intensity
of the diffracted order. These include phase shift, modulation
frequency, frequency amplitudes, Raman-Nath parameters, and
more. The purpose of this study was to illustrate that the
diffracted order (1,1) can oscillate linearly or elliptically, with
varying slopes, contingent on the phase shift and frequency
amplitudes. Moreover, the number of diffracted orders is
primarily contingent upon the Raman-Nath parameter, whereby
an increase in this parameter gives rise to the emergence of
high-order diffracted orders. The ability to tune these
trajectories at will allow for the generation of an Optical
Dynamic Spatial Array (ODSA). The diffracted orders of this
ODSA oscillate with the same sweep frequency, which is equal
to the modulation frequency v, despite the diversity of
trajectories and velocities. It is noteworthy that the presented
work remains applicable in the Bragg regime, which is used in
numerous applications, including:
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Fig. 6. Representation of intensity two-dimensional distribution of
diffracted orders for different values of time and different values of phase

shift, (a) p=0v, (b) p=45°, (c) p=90°, (d) p=135°, (e) p=180°.
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Generation of a controlled array of spots (matrix of light),
wherein the intensity weights of the various diffraction
orders may be modified by influencing certain pivotal
acousto-optics parameters.

The generation of laser spots with customized trajectories,
speeds, and accelerations. The latter can be employed in
metrology for the measurement of rotation (in terms of both
speed and acceleration) based on the Doppler effect.

As an intriguing application, Acousto-Optic Deflector
(AOD) can be employed in laser scanners, wherein the
diffraction spots are steered to facilitate rapid and precise
displacement across any area with high resolution. This is
achieved through the use of specific trajectories that are
deployed in laser scanners.

Furthermore, this technique can be employed to develop a
spatial display that enables the tracing of Lissajous
trajectories, eliminating the necessity for an oscilloscope.
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