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ABSTRACT

This research work aims to develop the mathematical modeling for a class of dynamic supply chains.
Demand fluctuation corresponds to product demand volatility, which increases or decreases over a given
time frame. Industrial engineering practitioners should consider the function that applied mathematical
modeling plays in providing approximations of solutions that may be used in simulations and technical
implementations at the strategic, tactical, and operational levels of an organization. In order to achieve
proper results, two mathematical models are presented in this paper: In addition to a finite-dimensional
system of Ordinary Differential Equations (ODEs) for coupled dynamic pricing, production rate, and
inventory level, which properly integrates Lyapunov stability analysis of the dynamical system and
simulations, there is an infinite-dimensional Partial Differential Equation (PDE) production level modeling
system available. Infinite and finite-dimensional systems incorporate a dynamic pricing approach in the
mathematical modeling. The main research goal of this work is to explore the dynamic nature of supply
chains applying PDE and ODE methods, with proper analytical analysis and simulations for both systems.

Keywords-dynamic supply chains; Lyapunov stability; infinite dimensional system; finite dimensional system

. INTRODUCTION levels gf c.omplexity apd low vqriability. The use of PDEs and

o ) i ) ) ODEs is important given the increased volume of data and

Nowadays, in industrial engineering, —mathematical commercial judgments that decision-makers must make.
modeling is crucial, especially in dynamic Supply Chains Therefore, real-time information can be used to enhance, assist,
(SCs), which are high volume production systems with high  and validate business decision-making, and this interest is
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expanding [1], while taking into account the influence of
decision-makers on the strategic, tactical, and operational
levels of enterprises, along the SC. Enterprises today strive for
rapid, dependable, and adaptable business processes, as well as
entrepreneurship practices [2] which increase economic
growth. As a result, they must put systematic decision-making
processes in place [3]. Supply Chain Management (SCM) and
Industry 4.0 network unpredictability, feedback loops, and
system dynamics are concerns in production and logistical
systems [4]. This research work aims to explore the dynamic
nature for a class of SCs, via the development of infinite
dimensional systems (PDEs) and finite dimensional systems,
subject to demand fluctuations. The operations and
management sciences rely on Inventory Management (IM).
SCM is the cooperative process management of material and
information flows [5]. An SC is a network of locations and
businesses involved in distribution, including suppliers,
manufacturers, distributors, and retailers [6]. Recent
technologies such as blockchain [7] and Artificial Intelligence
(AD [8] have gained special attention between SCM
practitioners.

In general, a SC is characterized by three flows: materials
and cash (forward flow) and information (backward flow). IM
is a component of the SCM that efficiently and effectively
coordinates the forward and reverse movement of goods and
services between the point of origin and the point of
consumption in order to satisfy customer needs [6, 9].
Inherently, inventories are present along the entire SC and
inventory control is a critical task for the management of a
company [10]. Maintaining proper inventory levels is an
important responsibility for a business [11] given that quick
and effective customer service is associated with large
inventory levels (which raise costs), while low inventory levels
could result in scarcity. Supply, transportation, production, and
demand variation are all disrupted in SCM systems [12]. In
production-inventory systems some works analyzes supply
disruption [13], with multi-echelon production-inventory
system supply disruption [14]. In relation to production
disruptions in [15] presents deteriorating items, while random
disruptions are presented in [16-17] and a system dynamics
approach is developed for production process disruption in
[18]. SCM dynamics build the strategic orientation of SC
disruption orientation [19]. In a typical SC network, the
efficient collaboration between all parts is vital, in times of
uncertainty and unpredictable disruption [20]. Table I
summarizes a literature review in demand fluctuation with
proper application sector.

In the future, our interest is to apply System Dynamics (SD)
which is founded upon the integration of multiple theoretical
frameworks, encompassing operating theory, system theory,
control theory, information feedback theory, decision-making
theory, mechanical systems theory, and computer science [30].
The research goals of this paper are summarized as follows:

e To present a mathematical modeling for infinite
dimensional systems which explores the dynamic nature of
production-inventory systems with some assumptions in
capacity level, inventory level, and demand, with the
decision variables being price level and time.

e To analyze the mathematical modeling of an ODE coupled
set which summarizes the behavior of a dynamic SCs, with
a Lyapunov stability analysis for the dynamical system.

e To present proper simulations for infinite and finite systems
that represent the analytical solution form of PDE and the
numerical solution for the ODE systems.

TABLE L LITERATURE REVIEW SUMMARY
Ref. Contribution Application
Considers a supplier—retailer system, with an
[21] imperfect production process and a possibility of SC
having demand fluctuation.
Explores sales and increased income in a SC, in
[22] which suppliers frequently choose to grant their SC
retailers a payment delay time.
Presents a fuzzy inventory model to counteract Supply demand
[23] the demand fluctuation in supply demand PPly
networks
networks.
Presents two types of flexibility investment, Flexible
[24] which are flexible technology and flexible manufacturing
capacity, under demand fluctuations. systems
Demand fluctuations can be caused by both Assembly line
[25] predictable oscillations like seasonality and balancing
unpredictable disasters like pandemics..
The ready-mix concrete business experiences
significant variations in demand as a result of the
[26] volatility observed in local construction markets. Construction
The oscillations in question presents impacts on industry
the mix, size, and investment level within the
industry.
Investigates the challenges associated with
dynamic pricing in ride-hailing systems,
[27] specifically focusing on the issue of supply- Transportation
demand imbalance resulting from demand
fluctuations.
Travel time variability can be attributed to the
[28] fluctuations in demand and the deterioration of Transportation
the capacity within a stochastic network.
Introduces the shuttle bus rerouting and
rescheduling strategy, where the operator can
[29] change the visited stops and can operate backup Transportation
buses to handle the passenger demand
fluctuations.

II.  INFINITE DIMENSIONAL PRODUCT LEVEL
MODELING

In general, a production system combines humans,
machinery, and equipment that are next to common material
and information flow [31]. In [32], a PDE for the production
level subject to dynamic pricing and time was presented with
the form:

%p(p.t) dp(p.t) dp(p.t) _
Up opat +([)’+ap)T+ a[)’T+Kgo(p,t)—

D(p,t) ey

where @(p, t) is the production level subject to price and time,
D(p,t) is the demand level, v, is the price velocity, a, is the
price acceleration, f is the damping coefficient, « is the scaling
production factor, and K is the production system resilience,
with 8 + a, > 0. Our aim is to solve (1) analytically, subject
to similar conditions for which a production system approaches
to demand levels near zero.
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Theorem 1. Consider the PDE in (1) assumming that:
D(p,t) = wP', (where w is a scaling factor and P’ the price
rate), B + a, = 1 and aff = 1, we get the following solution:

_ _(¥>t aw
o(p,t) =e P|e WU+ —2
Proof:
ppt) | dppt) | dopt) o
P opor P + = 7t Ko(p,t) =wP' (2)

Applying the separation of variables method, we have:

o(p,t) = P(P)T(?) (3)
Substituting (3) in the PDE (2):
v P'T' + P'T — wP" + PT' + KPT =0 4)

dp dr
where: P’ = —and T' = —
dp dt

Grouping the terms from (4) we have:

P'(v,T' +T —w) = —P(T' + KT). 3)
Separating terms in (5) we get:
P (T'+KT) _

P vpT'+T-w ©)
For separate ODE, in time domain:
P!
F = —a. (7)
Therefore:
dp
- = —adp. (8)
Solving (8) we have:
P(p) =e™. ©
For the ODE, in time domain:
T'+ KT = a(v,T' + T —w). (10)

After some algebraic manipulation, (10) becomes:

T'+(K‘"‘)T=—( pd ) (11)
1—avp 1—avp

Solving (11), we have:

_( K-a )t aw
T(t) =Ce """/ +—
K-a

12)

Finally, the solution for the PDE production level subject to
price and time is:

K-a
@1(p,t) = e~ (e_<1—m’p>t + :‘_—WK> (13)

Corollary 1. Considering the PDE in (1) and assumming
that demand fluctuates towards: D(p,t) =0, we get the
following solution:

P2(p,t) = P~V

In Figure 1, a PDE production level normalized solution in
function of price and time is shown, considering a tendency to
zero production level conforming price and time tending to
infinity.

Production level

Time 0 o Price

Fig. 1. PDE production level solution in function of price and time.

In general, production systems are required to effectively
manage the challenges that arise from the presence of
variabilities and complexities resulting from globalization and
technological improvements, which impacts in demand
fluctuation along the supply chain. The following section
explores the dynamic SC mathematical modeling with a proper
stability analysis and simulations.

II. FINITE DIMENSIONAL SC MODELING

In [33], a dynamic production-inventory system via optimal
control theory is presented. In general, along the supply chains
there are three flows: material, cash, and information. IM
presents a crucial role for the SC operation by considering the
synchronic and diachronic evolution of the SC to achieve
equilibrium and coordination between supply and demand.
This paper presents an expansion of the previous work,
focusing on the incorporation of dynamic pricing and the
inclusion of time delay effects for the purpose of mathematical
modeling of a class of SC.

A. Mathematical Modeling

A time-delayed production inventory system is proposed via
a set of coupled ODEs which are described as follows: To
incorporate a dynamic pricing perspective in the dynamic SC,
we propose:

dp 1(t)

P — 1y (1) - p(e) + k12 (14)
where u; denotes the purchase price level, p denotes the sales

price level, I is the inventory level, k is the associated cost for
the inventory, and C is the capacity level.

To develop the production-inventory system dynamics for
production level and production rates, the following equation is
proposed:

CLL 1R 4 yQ(t—0) = d(0) (15)
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where (Q represents the production level, dQ/dt is the
production rate, d is the demand level, & represents the lead
time, and y is the production resilience factor.

di
L= I (t - 0) +yQ(®) — d(t) (16)

In order to provide a linear approximation, via Taylor
series, for the time delay terms as in [34], and neglecting high

order terms:
x(t — 1) = x(t) — 1x(t) 17)

Developing a state space formulation for the time delayed
production inventory system from (14)-(16) and after applying
(17), our new state space system is:

X1 (1) = =x1(8) + k1 X4 (1) (18)
X2 (D) = x3(t) (19)
X3(6) = —k;x3(0)x4() — kax5 () +kyx3(t) (20
X4 (£) = ksxz(t) + kex4(t) (21)

where x;(t) = p(t), x()=0(), x3(H)=dQ/dt, x,t) = I(t) and
constants k; = k/C, k, = 1/C, k3 =y/C, k; = y0/C, ks = y/(1+u0),
ks = w/(1+10).

B. Stability Analysis

Theorem 2. In order to have a stability analysis, for the
equation system (18)-(21), the following conditions must be
satisfied, 9 > 0, u > 0,and C > 1 + ué.

Proof. In order to proof Theorem 2, the following
Lyapunov candidate function is proposed:

1 1 1
V(xq, X, X3, X4) = Ex12 + ;xzz + ;(xs - x4)2 (22)

Applying the derivative with respect to time, to the
Lyapunov candidate function:
V(xy, %2, X3, X4) = X%y + Xpp + (03 — X4) (3 — %4) (23)

After some algebraic manipulation, and applying the
LaSalle Theorem in the equilibrium point, we get:

V(xl,xz,x3, X4) < _xf + k4x§ + kﬁxf - (k3 - k5 -
1)|Q|2_(k4+k6)|0|2_(ks_k3)|P|2 (24)

Equation (24) can be simplified to:
V(axy, %2, %3, %4) < =xf = (kg + k)01 = (ks — k3)|P|* (25)

In order to achieve stability, the following conditions must
be satisfied:

k5 - k3 > 0
Therefore: k, > 0 and kg > 0
S 0
Considering that: k, = y?, ke = ﬁ, and ks > k.

From which we can conclude that:

y9 >0,u>0,and C > 1+ ub.

C. Simulations

Simulations were conducted in MATLAB for (18)-(21).
Figure 2 presents the decaying performance for the price level
of the finite dimensional production system considering (14),
which presents the dynamic pricing analysis for production-
inventory system. It is confirmed that as time increases, the
price level tends to zero.

Price level
T T

250 T T T

T T T

Price level

200

150

(o]
L2
T
100 !
50 ’
0 .
0 1 2 3 4 5 6 7 8 9 10
Time scale
Fig. 2. Price level for the finite dimensional production system.

In Figure 3, the production level achieves a maximum for
the finite dimensional system which is based on the context that
this is the level of the production rate.

Production level
T T T

600 . : T ‘
Production Ivel
400
7 200
c
2
=
kel 0
©
=}
e
e
& 200
-400
800 \ ‘ ‘ ; s s ‘ \ ‘
0 1 2 3 4 5 6 7 8 9 10
Time scale
Fig. 3. Production level for the finite dimensional production system.

Unproduction is related with a negative production rate
(Figure 4). This effect is present around ¢ = 2, and when ¢ tends
to higher values, the production rate decreases.

Figure 5 presents the decaying inventory level, confirming
the production rate tending to a negative value, which is an
effect of the relation of maximum production level with the
lower levels for inventory. This is apparent from (16), which
presents a dynamic inventory level with time delay.
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Fig. 4. Production rate of the finite dimensional production system.
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Fig. 5. Inventory level for the finite dimensional production system.

IV. CONCLUSION

Applied modeling plays an important role for industrial
engineering practitioners. This research paper addressed two
problems in the context of high-volume supply chain, by
applying infinite and finite dimensional mathematical
approaches. Several research works have presented the use of
PDEs for production systems [35-36], whereas the use of
ODEs in the mathematical modeling for production-inventory
systems was more common [37-38]. In this work, infinite and
finite dimensional systems incorporate dynamic pricing into the
description of a dynamical system while taking demand
fluctuations into account.

A supply chain refers to a collection of organizations,
which collaborate in the process of bringing a product to its
final consumer [39]. Discrete event simulation has been applied
to increase productivity of enterprises [40]. This mathematical
modeling considers low variability and cause-effect relation for
a deterministic approach in high volume supply chains. In
general, demand fluctuation corresponds to product demand
variation, which is increased or decreased in a time horizon
period. This is the main contribution of the current work.
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