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ABSTRACT 

Indonesia is a strategically significant archipelagic nation with approximately two-thirds of its territory 

consisting of water. This geographical condition gives Indonesia greater potential than other countries. 

Amphibious aircraft serve as an alternative solution for the mobility and utility of residents living in 

remote areas surrounded by water, ensuring that these individuals can benefit from fair and equitable 

government services and their continuous development is necessary to maximize their functionality. This 

development encompasses various aspects, including the accuracy of flight trajectory estimation. Several 

machine learning methods have been developed for estimating the flight trajectory of amphibious aircraft. 

The present study implements and compares two filtering methods, namely the Ensemble Kalman Filter 

(EnKF) and the Extended Kalman Filter (EKF). The simulation result indicates that the EnKF method 

achieved a Root Mean Square Error (RMSE) value of 0.0214 for estimating the drag coefficient (CD) and 

the EKF method attained 0.0186. Furthermore, the EnKF method recorded an RMSE value of 0.0015 for 

estimating the yaw coefficient (CY), while the EKF method achieved 0.0012. 

Keywords-amphibious aircraft; estimation; ensemble Kalman filter; extended Kalman filter; trajectory 

I. INTRODUCTION  

As the largest archipelagic nation in the world, Indonesia 
comprises 16,506 islands, each exhibiting distinct typological 
and geographical characteristics. This diversity contributes to 
the rich cultural heritage, traditions, and customs of the 
Indonesian people [1]. Given this situation, there is a pressing 
need for a transportation mode that is adaptable to these 
conditions to facilitate the movement of people and goods. A 
solution for this transportation challenge is the development of 
amphibious aircraft, specifically a plan to develop the versatile 
amphibious version [2].  

The presence of amphibious aircraft can play a significant 
role in this context, despite the fact that its technical 
development has been stagnant for nearly half a century [3]. 
Amphibious aircraft fundamentally possess high mobility 
capabilities. These aircraft are designed to take off and land on 
water. To facilitate take-off and landing on aquatic surfaces, 
amphibious aircraft require floats as a substitute for the wheels 
typically used for land operations [4]. The design of 
amphibious aircraft encompasses not only its structural 
construction but also the guidance and navigation systems. 
Advanced, precise, and accurate guidance and navigation 
systems facilitate the pilot's operation of the aircraft. 
Consequently, researchers are engaged in ongoing development 
and testing to assess trajectory accuracy, aiming to ensure that 
the safety factors associated with amphibious aircraft are 
adequately addressed. The present study focuses on comparing 
the performance of trajectory estimation for the drag coefficient 
(CD) and yaw coefficient (CY) using the EnKF and EKF 
methods. Specifically, this study tested EnKF’s performance in 
estimating trajectories based on the size of the ensemble and 
compared it with EKF’s robustness. 

Authors in [5] employed EnKF to estimate the water 
momentum and propeller velocity. EKF, which uses first-order 
linearization of a nonlinear system through Taylor's expansion, 

is a modification of the KF algorithm and is frequently applied 
for nonlinear system models [6]. However, it has a high 
computational cost. This method has been previously used to 
estimate the trajectory of Autonomous Surface Vehicles (ASV) 
[7] and aircraft [8], along with KF, which is utilized to estimate 
the trajectory of vehicles [9]. 

II. AMPHIBIOUS AIRCRAFT MODEL 

The forces acting on unmanned seaplanes can be 
categorized into seaplane weight, hydrodynamic force, 
aerodynamic force, and engine thrust, as shown in Figures 1 
and 2. The Earth's coordinate system is denoted as Xe, Ye, Ze. 
The subsequent system of coordinates includes the aircraft's 
body axis system Xb, Yb, Zb, and steady-translation coordinate 
system Xs, Ys, Zs. The motion of the amphibious aircraft is 
estimated by: 

��� = � cos  
� + �
� − �� − �� sin � −  �� cos � +

 ���        (1) 

���� = ��� − � sin
� + �
� − �� − �� cos � +
�� sin � + ���     (2) 

���� = �� + �� + ��    (3) 

 � = �     (4) 

!�" = # $%&  + ' &()     (5) 

*"� =  −# &()  + ' $%&     (6) 

In the amphibious aircraft motion estimation model, a 
discrete model is implemented in the EnKF and EKF 
algorithms, where this study uses the finite difference method 
(forward difference method): 

If # = #
!� , expanded according to the Taylor series, then: 

#
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Several numerical schemes of the finite difference method 
are used, namely the forward finite difference from (7), which 
leads to: 

#
! + ℎ� − #
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Equation (8) is called a forward finite difference equation. 
If finite difference notation is used with # = 
! = (ℎ� , (8) 
becomes: 

,2

,�
=

2678426

9�
     (11) 

 

 

Fig. 1.  Forces acting on the amphibious aircraft. 

TABLE I.  DESCRIPTION OF TERMS USED FOR THE 
AMPHIBIOUS AIRCRAFT MODEL 

Symbol Description Symbol Description 

α Angle of attack  � 
Weight of the 

amphibious aircraft 

Ө Angle of pitch �� 
Aerodynamic drag 

style 

V Velocity ��� 
Gravitational force 

along Xs 

�
 

Angle between the 

machine force and the 

surface Xb 

���  Gravity along Zs 

�� 
Total pitching moment 

from air 
Xg 

Aircraft's position 

along the route Xe 

�� 
Total pitching moment 

from water 
Zg 

Aircraft's position 

along the route Ze 

�� 
Total pitching moment 

from the machine 
# 

Component of the 

aircraft's speed 

throughout Xb 

T 
Style of engine 

propulsion 
' 

Components of an 

aircraft's speed 

throughout Zb 

�� 

Water pressure directed 

normally at the lower 

section of the aircraft 

� Angular pitch rate  

�� 
Friction of water along 

the underside of the 

aircraft 

Iy 

Moment of inertia of 

an amphibious aircraft 

Yb 

�� Aerodynamic lift Ө�  Change in tilt angle 

��  Change in speed ��  Change in attack angle 

 

 

 

Fig. 2.  Aerodynamic model of seaplane during wind tunnel test. 

III. DATA AND MODELLING 

The dataset utilized is derived from a wind tunnel test. The 
experimental data were collected during runs 21-32 and consist 
of 260 rows and 6 columns, as presented in Table II. Figures 3 
and 4 depict the plots of the actual coefficient values. 

TABLE II.  DATASET 

Run Alfa Beta CL CD CY 

21 10.3566 0 -0.5113 0.2527 -0.0055 

21 -9.3566 0 -0.4751 0.2262 -0.0052 

21 -8.27 0 -0.3783 0.1921 -0.0079 

21 -7.1233 0 -0.1754 0.155 -0.008 

21 -6.0 0 0.0058 0.13403 -0.0068 

21 -4.9 0 0.1426 0.1259 -0.0042 

21 -3.82 0 0.2792 0.1223 -0.0041 

21 -2.73 0 0.4112 0.1204 -0.0027 

21 -1.63 0 0.5425 0.1195 -0.0021 

21 -0.5333 0 0.6708 0.1205 -0.0016 

32 16.2683 0 2.1692 0.4242 -0.0154 

 
The employed filtering methods are EnKF and EKF. EnKF 

is an effective advancement of the Kalman filter technique, 
utilized for solving non-linear problems [10]. This method was 
proposed in [11]. The general form of the nonlinear dynamic 
system in the EnKF is [12]: 

!<3= = >
?, !<� + '<     (12) 

Utilizing linear measurements, *< ∈ ℜC leads to: 

*< = D!< + E<    (13) 

!F~�
!F, H�I
�; '<~�
0, L<�; E<~�
0, M<� (14) 

The estimation process in the EnKF begins with the 
generation of a set of ensembles characterized by a mean of 
zero and a covariance of one. The ensembles are generated 
randomly and follow a normal distribution: 

NF,O = P!F,= !F,/ !F,Q . . . . . !F,RST  (15) 

The prediction and correction phase is similar to the 
Kalman Filter method; however, before entering the prediction 
stage, the ensemble mean is determined by: 

!U<∗ � =
RW

∑ !<,OROY=     (16) 

The error covariance can be determined by: 
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H< � =
RW4= ∑ (!U<,O4 − !U<4)ROY= (!U<,O4 − !U<4)�  (17) 

Equation (11) is utilized during the prediction and 
correction phases to calculate the estimates for each component 
!U<4 and !U<. Equation (12) is exclusively utilized for covariance 
during the prediction phase. In the EnKF, the system noise '< 
during the prediction phase and the measurement noise E< 
during the correction phase are generated in the form of an 
ensemble. 

EKF incorporates a linearization step for non-linear 
systems, utilizing first-order Taylor expansion to perform 
linearization around the current estimate. The optimality of 
EKF is demonstrated when the linearization is conducted 
around the precise value of the state vector. The following 
outlines the mathematical functions associated with the EKF 
method [13]. 

�<3= �  Z[�(\) − ]
^ �/(\)_ ∆\ + �< + '1< (18) 

�<3= �  Z− ]
^. �<Q + [�<  _ ∆\ + �< + '/< (19) 

*=< � D�< +  E<    (20) 

*/< � D�< +  E<    (21) 

where '< and E<  represent white noise, which is uncorrelated 
and normally distributed with: 

bc'<d � 0     (22) 

e%E c'< , '<d � b ('< , '<)� � L  (23) 

and: 

bcE<d � 0     (24) 

e%E cE<, E<d � b (E<, E<)� � M  (25) 

This allows the following: 

'<~�(0, L)     (26) 

E<~�(0, M)     (27) 

where L and M represent the variances of noise. 

Subsequently, the initial initialization is carried out at \ � 0 

HF �  fH�F 0
0 H�F

g ;  �Fh �  �Fiiii ;  �Fh �  �Fiii (28) 

 

 

Fig. 3.  Plot of actual CD. 

 

Fig. 4.  Plot of actual CY. 
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1) Measurement System Model 

2) Prediction Stage 

�j<3=iiii �  Z[�(\) −  ]
^ �/(\)_ ∆\ +  �<  (29) 

�j<3=iiii �  Z− ]
^. �?Q + [�<  _ ∆\ +  �<  (30) 

3) Calculation of Error Covariance 

H<3=iiiiii � kH<k� + L    (31) 

4) Correction Stage 

Calculating the Kalman Gain to minimize the prediction 
error covariance: 

l<3= �  H<3=iiiiii D�(DH<3=iiiiii D� + M)4=  (32) 

Subsequently, the estimated value at the correction stage is 
calculated by adding the Kalman Gain matrix multiplied by 
(m<3= − Dnop78iiiiii) for each model, resulting in: 

�j<3= �  �j<3=iiiiii + l<3=(*=<3= − D�j<3=iiiiii) (33) 

�j<3= �  �j<3=iiiiii + l<3=(*/<3= − D�j<3=iiiiii)  (34) 

The covariance value of the error during the correction 
phase is determined by: 

H<3= �  P� −  l<3=DTH<3=iiiiii   (35) 

IV. RESULTS AND DISCUSSION 

A. Simulation to Estimate the Drag Coefficient   

The results of the CD simulation, conducted using EnKF 
and EKF are illustrated in Figures 5 and 6. Figure 5 displays 
the initial simulations of the CD values, conducted using EnKF 
with 200 ensembles and EKF. For this step, the observation 
model of the EnKF was configured with a value of 0.9, 
utilizing an ensemble size of 200, while the R value was set to 
0.01, consistent with that of the EKF. The estimation obtained 
from the EnKF method produced an RMSE value of 0.0219, as 
illustrated by the blue line, which closely aligns with the actual 
values represented by the red line. In contrast, the estimation 
from EKF, indicated by the black line, also demonstrates a 
close approximation to the actual values. The EKF method 
resulted in an RMSE of 0.0186. 

 

 

Fig. 5.  First simulation plot of estimated CD values using EnKF and EKF. 

 

Fig. 6.  First simulation plot of estimated CY values using EnKF and EKF. 
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Fig. 7.  Second simulation plot of estimated CY values using EnKF and EKF. 

Figure 6 illustrates the second simulation of the CD values, 
conducted using EnKF with 300 ensembles and EKF. For this 
step, the observation model of the EnKF was configured with a 
value of 0.9, utilizing an ensemble size of 300, while the R 
value was set to 0.01, consistent with that of the EKF. The 
estimation obtained from EnKF achieved an RMSE value of 
0.0214 represented by the blue line and the estimation from 
EKF, indicated by the black line, demonstrates a closer 
approximation to the actual values. EKF achieved an RMSE 
value of 0.0186. 

B. Simulation for the Estimation of Yaw Coefficient   

Subsequently, the simulation continued to estimate the CY 
using EnKF and EKF. Figure 7 illustrates the results of the first 
CY simulation using EnKF with an ensemble size of 200 and 
EKF. For this step, the EnKF observation model was set with a 
value of 0.9, an ensemble size of 200, and an R value of 0.01, 
similar to that of EKF. The estimation of the EnKF obtained an 
RMSE of 0.00155 and the estimation result of EKF produced 
an RMSE value of 0.00125. Figure 8 illustrates the results of 
the second CY simulation, conducted using EnKF with an 
ensemble size of 300 and EKF. For this step, the observation 
model for the EnKF was configured with a value of 0.9, 
maintaining the ensemble size at 300, and the R value was 
consistent with that of the EKF, set at 0.01. The estimation 
from the EnKF achieved an RMSE of 0.00154 and the 
estimation results from EKF obtained an RMSE of 0.00125. It 
is seen that the RMSE value from EKF remains superior to that 
of the EnKF, despite a reduction in the RMSE for EnKF. Table 
III summarizes the EnKF simulation results for the CD 
estimation, while Table IV shows the simulation results for CY 
estimation. 

TABLE III.  COMPARISON RMSE OF COEFFICIENT DRAG 
ESTIMATION 

Method Simulation RMSE 

EnKF 
1 0.0219 

2 0.0214 

EKF 
1 

0.0186 
2 

TABLE IV.  COMPARISON RMSE OF COEFFICIENT YAW 
ESTIMATION 

Method Simulation RMSE 

EnKF 
1 0.0015 

2 0.0015 

EKF 
1 

0.0012 
2 
 

V. CONCLUSION 

Based on the results of the simulations conducted, it can be 
concluded that the Ensemble Kalman Filter (EnKF) and 
Extended Kalman Filter (EKF) methods successfully estimated 
the drag (CD) and the yaw coefficient (CY). The best CD 
estimation using EnKF was observed in the second simulation, 
which achieved a Root Mean Square Error (RMSE) of 0.0214, 
with an ensemble size of 300, an observation model of 0.9, and 
an R value of 0.01, while EKF achieved a better RMSE value 
of 0.0186. Furthermore, the simulations for estimating CY 
using EnKF showed the same RMSE values (0.0015) in all 
simulations. In contrast, the optimal results for estimating CY 
using EKF were noted with an R value of 0.01 and an RMSE of 
0.0012.  

The RMSE value obtained from the simulation, which was 
mainly conducted on CD, demonstrates that the error does not 
affect the stability and control of the amphibious aircraft. 

Overall, the results obtained from EnKF and EKF are still 
considered satisfactory and consistent. Thus, these methods can 
be proposed for use in future research.  
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