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Abstract- The significant energy consumption for railway electric
transportation operation poses a great challenge in outlining
saving energy solutions. Speed profile optimization based on
optimal control theory is one of the most common methods to
improve energy efficiency without the railway infrastructure
investment costs. The paper proposes an optimization method
based on Pontryagin's Maximum Principle (PMP), not only to
find optimal switching points in three operation phases:
accelerating, coasting, braking, and from these switching points
being able to determine the optimal speed profile, but also to
ensure fixed-trip time. In order to determine trip time abiding by
the scheduled timetables by applying nonlinear programming
puts the Lagrange multiplier λ in the objective function regarded
as a time constraint condition. The correctness and energy
effectiveness of this method have been verified by the simulation
results with data collected from the electrified trains of the Cat
Linh-Ha Dong metro line in Vietnam. The saving energy levels
are compared in three scenarios: electrified train operation
tracking the original speed profile (energy consumption of the
route: 144.64kWh), train operation tracking the optimal speed
profile without fixed-trip time (energy consumption of the route:
129.18kWh), and train operation tracking the optimal speed
profile and fixed trip time (energy consumption of the route:
132.99kWh) in an effort to give some useful choices for operating
metro lines.
Keywords-metro system; energy-saving; energy-efficient
operation methodology; timetable optimization

I.
INTRODUCTION
With the worldwide booming of urbanization, people face
the increased carbon emission problem and the traffic
congestion to affect their quality of live. Under these
circumstances, the urban railway systems play a key role in
removing the harmful effects of urban mobility due to their
advantages such as large passenger capacity, safety, and less
environmental pollution [1, 2]. Metro lines in the big cities of
Vietnam are under construction or expansion with a total rout
length of about 500km. However, the traction system of metro

trains consumes a huge proportion of energy [3], so it is vital to
find some solutions to minimize the total energy consumption
of the railway transportation system.
Among numerous energy saving solutions, speed profile
optimization which reduces energy consumption without
investing into infrastructure has attracted attention. There are
two known methods of speed optimization: the Mathematical
and Optimal theory and Computational Intelligence [4].
Authors in [5-9] systematically researched optimal strategies
using mathematical approaches and the Optimal theory to
propose control laws to detect the optimal switching points and
to find the optimal speed profile whereas authors in [10]
attempted to solve the problem of optimal control by applying
the Pontryagin's Maximum Principle (PMP). Authors in [11]
used PMP to find a set of optimal controls, the control
switching graphs, and complementary conditions of optimality.
Authors in [12] applied three optimization algorithms (Colony
Optimization Algorithm, Dynamic Programming, Genetic
Algorithm (GA)) to search for the optimal speed trajectory,
while authors in [13] applied the Ant Colony Algorithm to find
an optimal power profile to save energy. Authors in [14]
designed the speed profile giving guarantees of running time
and saving energy consumption. Authors in [15] designed the
train operation speed profiles for an Automatic Train Operation
System (ATO) to select the optimal speed profiles with reduced
energy consumption. Authors in [16] designed a Decentralized
Train Traffic Management System (DTMS) which not only
possessed good Automatic Train Control (ATC) operation, but
also saved a significant amount of running time. Authors in
[17] used GA and authors in [18] utilized Artificial Neural
Networks (ANNs) and GA to determine the optimal coasting
point. Authors in [19] dealt with speed profile optimization
using Pontryagin's Maximum Principle (PMP) and achieved
energy-saving but did not guarantee fixed running time in the
Cat Linh - Ha Dong metro line in Vietnam.
In this paper, PMP is also chosen to determine optimal
speed profile, and also ensure fixed trip time thanks to the
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Lagrange multiplier λ being put into the objective function
regarding the Cat Linh - Ha Dong metro line. The simulation
results with three diffirent seniories showed the effectiveness of
PMP optimal control method in saving energy of train
operation without any changes of infrustructure or facilities.
II.

MOTION MODEL OF THE TRAIN

The train is regarded as a particle and kinematic equation
that can be represented by the following continuous - space
model [20, 21]:
dx
 = v
 dt
 dv
= Ftr (v ) − Fbr (v ) −W0 (v ) − Fgrad (x )
mv
 dx

(1)

Based on the curves of Ftr and Fbr given by the
manufacturers [21], the least square method is utilized to find
the equivalent polynomials. The maximum traction and
maximum braking forces corresponding to the speed v are:

14.7

Fbr = −0.254v + 31.21

−
 0.2027v + 27.36

(2)

(0 ≤ v ≤ 65)
(65 < v ≤ 75)

(3)

(75 < v ≤ 80)

The forces acting on the train in which the resistance force
comprises of the air resistance, the friction resistance can be
seen in [21]. The basic resistance w 0 can be calculated by the
Davis formula [22]:

w0 =

W0
m

= a + bv + cv 2
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acting on a train in operation modes are different. The tractive
force acts during the accelerating and cruising processes, the
basic resistance force acts during all processes, while the
braking force acts during the breaking process.
A. Problem Formulation
The motion of a train along a track can be rewritten by the
state equations:

 dt
 = 1
dx
v
 dv
= utr ftr (v) − ubr fbr (v) − w 0 (v) − fgrad (x )
v
 dx

variables of train, both of which are restrained by: utr ∈ [0,1] ,
ubr ∈ [0,1] , and ftr, fbr, fgrad are the traction force applied at the
wheels, the braking force, and the gradient force acting on the
train. Therefore, the boundary conditions are given by:

v(0) = 0, v(X ) = 0, t(0) = 0


0 ≤ v(x ) ≤ V (x ), 0 ≤ t(X ) ≤ T , 0 ≤ x ≤ X


The objective is to minimize the train's operation energy
consumption as the train runs from location x = 0 to x = X
in time T by controlling the traction force, while ignoring
electric braking force since regenerative braking energy is not
recovered. The objective function is written as:
X

J = ∫ utr ftr (v) dx + λT → min



where a,b, c are the coefficients of train resistances.
The gradient force Fgrad caused by the slope of the road is:
(5)

where g, α are the gravity acceleration and the rail track slope
respectively.
III.

S PEED PROFILE OPTIMALITY ANALYSIS BASED ON PMP
AND ENERGY CONSUMPTION

Depending on the distance between stations, a train
operates in three or four phases. For short distances, the train
runs in three phases: accelerating, coasting, and braking. Forces
www.etasr.com

(8)

0

where T = Tactual (X ) − Tdemand (X ) , and λ is an unknown
Lagrange multiplier. Given:
X

(4)

(7)

where V (x ) is the maximum allowable speed, X is the
terminal of the train operation, v(0), v(X ) are the speed at the
beginning and at the end of the route, T is the duration of the
trip which is also given by the timetable.

Tactual (x ) = ∫
0

Fgrad = mg sin α

(6)

where u tr , u br are the defined traction and braking control

where v, t, x, m represent train speed (m/s), operation time (s),
train position (m), full load translating mass of train (tones) and
Ftr , Fbr ,W0 , Fgrad are traction, electrical braking, resistance, and
gradient resistance forces applied on the train.


(0 ≤ v ≤ 32)
13.2
−5 3
2

Ftr = −2.5 ⋅ 10 v + 0.007 ⋅ v

(32 < v ≤ 80)
−0.66v + 28.35
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dx
v

(9)

Finding the value of the Lagrange multiplier is to deliver
the required running time Tdemand (X ) , while Tactual is the actual
running time of the train. Therefore the objective function is:
X

λ
J = ∫ utr ftr (v ) +  dx → min
v
0 

(10)

B. Solution
To find the optimal solutions of an objective function by
PMP is equivalent to maximize its Hamiltonian equation.
Based on (6), (8), a Hamilton function is formed as:
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p
dp
(1 − p)
p
p
λ
=
utr ftr′ (v ) + ubr fbr′ (v ) + w 0′ (v ) − 3 − 13
dx
v
v
v
v
v

λ
1
+ p1
v
v
 u f (v ) − u f (v ) − w (v ) − f (x ) 
 tr tr
br br
0
grad

+ p2 


v


H = −utr ftr (v ) −

(11)

dx

∂H
=0
∂t

p
dp (1 − p)
p
λ
=
ftr′ (v) + w 0′(v ) − 3 − 31
dx
v
v
v
v

=−

p=

p2
v

, so

and accelerating distance xa can be done by using (18). We
get:

(12)

∂f
λ
∂H
1
= utr tr − 2 + p1 2
∂v
∂v
dx
v
v
p2 
+ 2 utr ftr (v ) − ubr fbr (v ) − w 0 (v ) − fgrad (x )

v 


p
∂f
∂f
∂w 0 
− 2 utr tr − ubr br −
v 
∂v
∂v
∂v 
Defining:
dp2

From (12), p1 is easily chosen to be 0.
With p > 1, ubr = 0, utr = 1, finding accelerating time ta

The adjoint variable differential equations are reformed:
=−

dp
1 dp
dv 
=  2 − p 
dx
v  dx
dx 

(19)

From (6) we find the differential equations to determine
(13)

x a , ta :

dx
v
 =
 dv
(
)
(v ) − fgrad (x )
u
f
v
−
w
tr tr
0

 dt
1
 = −
dv
u
f
(
v
)
−
w
(v ) − fgrad (x )

tr tr
0

(20)

With initial conditions: x (0) = 0, t (0) = 0 .

(14)

2) Partial Power Mode

Given:
utr ftr (v ) − ubr fbr (v ) - w 0 (v ) − fgrad (x )
dv
=
dx
v

With p = 1, ubr = 0, 0 < utr < 1 and using equation:
(15)

1
λ p
w 0′(v ) − 3 − 31 = 0
v
v
v

We get:
H = (p − 1)utr ftr − pubr fbr − p(w 0 + fgrad ) −

λ p1
(16)
+
v
v

The Hamiltonian function is maximized by the following
values of utr and ubr [19]:
u = 1
if
 tr
u ∈ (0,1) if
 tr
u = 0
if
 tr

(18)

1) Full Power Mode

where p1 , p2 are adjoint variables.

dp1
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u = 0
if
 br

p = 1and ubr ∈ (0,1) if

u = 1
p <1
if
 br
p >1

0< p <1
p=0

(17)

p<0

From the above analysis, five optimal control laws are
designed:
• Full power (FP): utr = 1, ubr = 0 when p > 1
• Partial power (PP): utr ∈ [0,1] , u br = 0 when p = 1
• Coasting (C): u tr = 0, ubr = 0 when 0 < p < 1
• Full braking (FB): u tr = 0, ubr = 1 when p < 0
• Partial braking (PB): u tr = 0 , ubr ∈ [0, 1] when p = 0

(21)

where vh -hold speed is chosen previously and p1 is 0, we get:
λ = v 2w 0′

(22)

therefore:
λ = v 2 (b + 2cv )

(23)

If λ is chosen previously, we can solve (23) to find the
hold-speed vh
3) Coasting Mode
The conditions utr = 0, ubr = 0, 0 < p < 1 are applied. The
coasting speed vb is calculated as [4, 23]:

vb =

ψ(vh )
ϕ ′(vh )

(24)

where ϕ = v ⋅ w 0 (v ), ψ = v 2 ⋅ w 0′ (v ) .
From (6) we find the differential equations to determine
x c , tc :

Substituting (13) and (15) in (14) leads to finding the
differential equation for p(x ) :
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dx
v
 =
 dv
−
−
w
(
v
)
fgrad (x )
0

 dt
1
 = −
dv
w
(
v
)
+
fgrad (x )

0
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The results and their comparison for the optimal speed
profile and the original speed profile vs distance without fixedtrip time can be seen in Figure 1. The results and their
comparison for the optimal and original time profile vs distance
without fixed-trip time can be seen in Figure 2. The results and
their comparison for optimal and original speed profile vs
distance with fixed-trip time can be seen in Figure 3 and for
optimal and original time profile vs distance with fixed-trip
time can be seen in Figure 4.

(25)

with t (v = vh ) = ta ; x (v = vh ) = x a .
4) Full Braking Mode
The conditions utr = 0, ubr = 1, p < 0 are applied. Using
(18) we can find braking time and braking distance:

p
dp
p
p
λ
= fbr′ (v) + w 0′(v) − 3 − 31
dx
v
v
v
v

(26)

From (6) we get the differential equations:
dx
v2

 dv = −v ⋅ u f (v ) − v ⋅ w (v ) + p (t ) − v ⋅ f (x )
0
br br
sc
grad

 dt
1
 =
dv
p (t )

ubr fbr (v ) − w 0 (v ) + sc − fgrad (x )

v

(27)
Fig. 2.
time.

Comparison of optimal original time profile without fixed-trip

Fig. 3.
time.

Comparison of optimal and original speed profile with fixed-trip

with t (v = vb ) = tb , x (v = vb ) = xb .
IV.

S IMULATION RESULTS COMPARISON FOR VARIOUS
SCENARIOS

The simulations are based on the data of Cat Linh-Ha Dong
metro line. There are 12 stations, 1 depot, and 6 traction
substations. The simulation results are performed for the first
Cat Linh station to the 12th Yen Nghia station in a route which
is 13km in length [18]. The full load translating mass is
246.7ton and 8 electrical traction motors are used. David’s
coefficients of train’s resistance are: a = 1.19 ⋅ 10−2 ,
b = 2.56 ⋅ 10−3 , c = 1.54 ⋅ 10−4 . Assessing the levels of
energy savings follow 3 scenarios: energy consumption with
original speed profile with fixed trip time, energy consumption
with optimal speed profile with fixed trip time, and energy
consumption with optimal speed profile but with trip time
which is less by 1s in each station. The goal of different
simulation scenarios is to give diversified operation choices
regarding energy saving for different metro lines.

Fig. 4.

Fig. 1.
Comparison of optimal and original speed profile without fixedtrip time.

www.etasr.com

Comparison of optimal original time profile with fixed-trip time.

Regarding track conditions and constraints, the speed from
a station to another station is different: the slowest speed is
53km/h and the highest is 73km/h, which means that the speed
is always lower than the limit of 80km/h. The optimal trip time
is longer approximately by 1s. It was also shown that along
with optimal switching points change, so do the optimal
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accelerating, coasting, and braking distances. Table I
demonstrates that the percentage of total energy saving is up to
11.96% (practical energy consumption is 144.64kWh, while
optimal energy consumption obtains 129.18kWh).
TABLE I.

Inter-station Distance
length
(m)
Cat Linh-La
Thanh
La ThanhThai Ha
Thai HaLang
Lang-VNU
VNU- Ring
Road 3
Ring Road 3Thanh Xuan
Thanh XuanHa Dong BS
Ha Dong BSBV Ha Dong
BV Ha
Dong-La
Khe
La Khe-Van
Khe
Van KheYen Nghia
Total energy
consumption

COMPARISON RESULTS OF THE ENERGY CONSUMPTION
WITH NON-FIXED TRIP TIME

Practical
Optimal
Original
Optimal
Energy
energy
energy
trip
trip time
saving
consumption
consumption
time (s)
(s)
(%)
(kWh)
(kWh)

931

88

8.31

88.81

7.31

13.68

902

78

10.20

78.83

9.08

12.33
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timetable and the saving energy level is 8.7% (the practical
energy consumption is 144.64kWh, while the optimal energy
consumption is 132.99kWh).
V. CONCLUSION
The simulation results by applying PMP to find the optimal
speed profile with and without fixed trip time for the 12
stations of the Cat Linh - Ha Dong metro line operating in three
phases (accelerating, coasting, and braking) showed a saving
energy percentage varying from 8.7% to 11.96% in comparison
with the original speed profile. This research contributes to the
modes of ATO. If the metro line is going to conduct surveys on
the train timetable, it may be able to choose the optimal speed
profile with longer trip time, and reduce the dwelling time
because this speed profile saves energy to a level up to 11.96%.
If the metro lines are in operation, the optimal speed profile
with fixed trip time should be chosen as the second scenario
with a saving energy level of about 8.7%.

1076

91

10.20

91.85

9.60

6.25

1248

103

11.73

103.82

10.37

13.11

1010

79

13.41

79.8

11.78

13.84

1480

104

16.75

104.85

15.44

8.48
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1121

86

13.85

86.82

12.26

12.97

1324

97

15.74

97.83

13.80

14.06

1110

84

14.30

84.77

12.77

11.98

1428

101

16.75

101.86

15.15

10.56

1032

81

13.40

81.82

11.62

15.32

129.18

11.96

TABLE II.

144.64

COMPARISON RESULTS OF THE ENERGY CONSUMPTION
WITH FIXED -TRIP TIME

Trip Practical energy Optimal energy Energy
Inter-station Distance
time consumption
consumption
saving
length
(m)
(s)
(kWh)
(kWh)
(%)
Cat Linh-La
931
88
8.31
7.50
9.75
Thanh
La Thanh-Thai
902
78
10.20
9.40
7.84
Ha
Thai Ha-Lang 1076
91
10.20
9.86
3.33
Lang-VNU
1248
103
11.73
10.60
9.63
VNU- Ring
1010
79
13.41
12.23
8.80
Road 3
Ring Road 31480
104
16.75
15.82
5.55
Thanh Xuan
Thanh Xuan1121
86
13.85
12.66
8.59
Ha Dong BS
Ha Dong BS1324
97
15.74
14.17
9.97
BV Ha Dong
BV Ha Dong1110
84
14.30
13.18
7.83
La Khe
La Khe-Van
1428
101
16.75
15.53
7.28
Khe
Van Khe-Yen
1032
81
13.40
12.04
10.15
Nghia
Total energy
144.64
132.99
8.7
consumption

Figures 3, 4 and Table II indicate that the optimal speed
profile with fixed running time complied with the scheduled
www.etasr.com
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