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Abstract—The use of a unified power flow controller (UPFC) to
control the bifurcations of a subsynchronous resonance (SSR) in
a multi-machine power system is introduced in this study. UPFC
is one of the flexible AC transmission systems (FACTS) where a
voltage source converter (VSC) is used based on gate-turn-off
(GTO) thyristor valve technology. Furthermore, UPFC can be
used as a stabilizer by means of a power system stabilizer (PSS).
The considered system is a modified version of the second system
of the IEEE second benchmark model of subsynchronous
resonance where the UPFC is added to its transmission line. The
dynamic effects of the machine components on SSR are
considered. Time domain simulations based on the complete
nonlinear dynamical mathematical model are used for numerical
simulations. The results in case of including UPFC are compared
to the case where the transmission line is conventionally
compensated (without UPFC) where two Hopf bifurcations are
predicted with unstable operating point at wide range of
compensation levels. For UPFC systems, it is worth to mention
that the operating point of the system never loses stability at all
realistic compensation degrees and therefore all power system
bifurcations have been eliminated.
Keywords-Hopf Bifurcations; Subsynchronous Resonance;
UPFC; GTO

I.

INTRODUCTION

Series compensation is used in power systems as a valuable
technique to effectively increase power transfer capability and
improve stability. SubSynchronous Resonance (SSR) is
considered a major drawback of series compensation and can
be defined as the electromechanical interaction between
electrical resonant circuits of the transmission system and the
torsional natural frequencies of the turbine-generator rotor.
Basically, SSR can cause shaft fatigue as well as damage or
failure. The subsynchronous torques on the rotor is an issue of
great concern because the turbine-generator shaft has natural
modes of oscillation that are typical of any spring-damper-mass
system. SSR has been considered intensively since 1970, when
a shaft failure took place to its turbine-generator unit in the
major transmission network with conventional series
compensation in southern California. The bifurcation
phenomenon also occurs in power systems. Researchers study
power system dynamics from the nonlinear dynamics point of
www.etasr.com

view utilizing the modern nonlinear theory (bifurcation theory).
Bifurcation is defined as a qualitative change in the features of
a system, such as the types and number of solutions when a
small variation occurs in the parameters of the system.
Bifurcation theory has been used to show the presence of
the dynamic bifurcation (Hopf bifurcation) in a single machine
infinite bus (SMIB) power system in the case of neglecting the
dynamics of the damper windings and the automatic voltage
regulator (AVR) of the synchronous generator [1]. The results
show that the system operating point losses stability through
supercritical Hopf bifurcation. Bifurcation theory has also been
applied on modeling the characteristics of the BOARDMAN
generator with respect to the North-Western American power
system and the CHOLLA generator with respect to the
SOWARA station in the USA. The effect of the linear and
nonlinear controllers on the bifurcations of SSR of CHOLLA
generator is studied in [2]. It is found that the linear controllers
increase the compensation level at which SSR occurs while the
nonlinear controller does not affect the location and type of the
Hopf bifurcation. It is also shown that the larger the nonlinear
controller gain is, the smaller the amplitude of the limit cycle
tends to be. Additionally, the bifurcation theory has been
applied on the first system of the IEEE second benchmark
model of SSR where supercritical Hopf bifurcation is
experienced [3]. A nonlinear controller of the K ( g3   13 )
form has been designed where all bifurcations of the system are
eliminated at all realistic compensation factors despite the
successive interactions of the subsynchronous electrical mode
with the three torsional mechanical modes of the first system of
the IEEE second benchmark model of SSR [4].
The recent improvements of power electronic devices have
launched the use of flexible AC transmission system (FACTS)
controllers in power systems. In fact, FACTS controllers can
control the network condition via a very fast approach which in
turn can be used to improve the dynamic and steady-state
stability of power systems [5]. Utilizing FACTS controllers in
power transmission system have led to many applications of
these controllers for improving the stability of the existing
power network resources as well as providing some operating
flexibilities. Basically, FACTS devices have been defined as
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“alternating current transmission system incorporating power
electronic-based and other static controllers to enhance
controllability and increase power transfer capability” [6]. The
most familiar and common FACTS devices are thyristorcontrolled series capacitor (TCSC), static synchronous
compensator (STATCOM), static synchronous series
compensator (SSSC), static var compensator (SVC) and unified
power flow controller (UPFC) [6 ̶ 7]. Technically, each of
these devices has specific limitations, characteristics and
features. In power systems, UPFC is considered as a powerful
technique based on economic and technical considerations for
controlling active and reactive power flows in a transmission
line as well as the bus voltage. In addition, UPFC can be used
as a stabilizer with the help of the power system stabilizer
(PSS). Controlling the bifurcations of the first system of the
IEEE second benchmark model using TCSC has been
investigated [8]. It is found that the operating point of the
system never loses stability at any realistic firing angle and
therefore all bifurcations of the system are eliminated at all
practical values of series compensation. Time domain
simulations based on the nonlinear dynamical mathematical
model after step reduction in the infinite bus voltage and input
power coincide with the results of the bifurcation analysis. The
effect of SSSC on the bifurcations of the SSR in power system
has also been investigated where the effect of replacing the
conventional compensation with SSSC is highlighted [9].
Varying the SSSC controller reference voltage changes the
compensation degree. The results show that the operating point

Fig. 1.
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of the system never loses stability at any realistic compensation
degree in case of SSSC i.e. all bifurcations of the system have
been eliminated. In this paper, the effect of incorporating the
second system of the IEEE second benchmark model of SSR
with UPFC on the Hopf bifurcation of the system is
investigated which is considered as the main contribution of the
paper where shunt current and series voltage controllers are
considered as controllers for UPFC. The paper is constructed in
the following manner: Section 2 describes the system under
study and its nonlinear dynamical mathematical model
including the system controllers. In section 3, the model of the
UPFC with three-level VSC is outlined. Numerical simulation
results in case of including UPFC as compared with the case of
conventional compensation without UPFC are presented in
section 4. Finally conclusions are drawn in section 5.
II.

SYSTEM DESCRIPTION AND MATHEMATICAL MODEL

The system considered in this study is the second system of
the IEEE second benchmark model of subsynchronous
resonance (Figure 1) [10]. It is a two-machine infinite-bus
(TMIB) power system connected to a single seriescompensated transmission line where the terminals of the two
generators are connected at the same bus. The capacitive
reactance varies in the range of 0 to 100% of the transmission
line inductive reactance. UPFC is incorporated at the end of the
transmission line injecting certain amounts of voltage after the
capacitive reactance.

Electrical system under study (modified version of second system of the IEEE second benchmark model of SSR

The electro-mechanical systems of the two generators and
the data of the electrical and mechanical systems are provided
in [10]. Each generator is represented in its own rotor frame of
reference with the proper transformations as the substitution of
the two generators in one equivalent generator will change the
resonance characteristics. The electrical system consists of the
nonlinear dynamical mathematical model of the two
synchronous generators and that of the transmission line in dq
stationary reference frame related to the d-axis stator winding,
q-axis stator winding, d-axis rotor field winding, q-axis rotor
damper winding and d-axis rotor damper winding utilizing
Park's transformation. Each section of the mechanical system
of the two generators is represented by second order ordinary
www.etasr.com
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differential equation (swing equation) which is presented in
state space model as two first order ordinary differential
equations. The mathematical model of the electrical and
mechanical systems is given in [11]. As a result, this systems
can be mathematically represented as a set of first order
nonlinear ordinary differential equations with the compensation
factor (   X c / X L ) as a bifurcation parameter. Hence,
bifurcation theory can be applied to this nonlinear dynamical
system which can be written in the following form:

dx
 F (x ; )
dt

(1)
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where x is the vector of state variables x1 , x 2 ,..., x n , n is an
integer number representing the number of state variables, F is
the field vector and  is the control parameter of the system
which is in this study is the transmission line compensation
degree.
Unified power flow controller (UPFC) is a FACTS device
utilizing a voltage source converter (VSC). It depends on gateturn-off (GTO) thyristor valve technology and can be designed
as a coordinated combination of a static synchronous series
compensator (SSSC) and a static synchronous compensator
(STATCOM), which uses the same technology, coupled
through a common DC voltage link [12-22]. UPFC is a multifunctional FACTS controller where its primary duty is to
control the power flow [23]. The secondary functions of the
UPFC are voltage control, transient and steady-state stability
improvement and oscillation damping. Recently, there is a
rising attention in studying UPFC which includes its modeling
[24], its effect on controlling the power flow [25] and its
capability to improve system transient stability [26]. However,
so far, little work has been done to investigate the effect of
UPFC on SSR problems. Damping the oscillations of The
IEEE first benchmark system of SSR using UPFC has been
examined [27]. A compensator utilizing specific technique
based on model control theory with two feedback signals is
employed to generate two supplementary damping signals.
The two port voltages of UPFC are regulated through
control of shunt current and series real voltage as shown in
Figure 2. Moreover, it has various operating control modes
such as line impedance compensation, voltage and power
regulation. The UPFC is realized by two three-level 12-pulse
voltage source converters (VSC). It consists of a shunt
connected voltage source converter (VSC1) and a series
connected voltage source converter (VSC2). VSC2 injects a
series voltage while VSC1 is controlled to inject reactive
current. The series and shunt branches of UPFC can
generate/absorb reactive power independently and the two
branches can exchange active power. The injection of series
reactive voltage provides active series compensation while the
injection of the shunt reactive current can be controlled to
regulate the voltage at the bus where VSC1 is connected. The
injection of series real voltage (in-phase with the line current)
can be controlled to regulate the reactive power in the line or
the voltage at the output port of the UPFC. UPFC can be
viewed as a two port device on a single phase basis [28].
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III.

MATHEMATICAL MODEL OF UPFC AND ITS
CONTROLLERS

A. Mathematical Model of UPFC
Typically, the converter in the power circuit of a UPFC is
either a multi-pulse or a multi-level configuration. In UPFC, it
is considered to change the magnitude of AC output voltage of
the converter without varying the magnitude of the dc voltage.
This can be accomplished by utilizing pulse width modulation
(PWM) with two-level topology which demands higher
switching frequency and leads to increased losses. The
objective can be accomplished by varying dead angle β with
fundamental switching frequency of the three-level converter
topology [29]. The converters that allow the variation of both
magnitude and the phase angle of the converter output voltage
are classified as type-1 converters [30]. In this study, a
combination of multi-pulse and three-level configuration is
used [31]. The three-level converter topology is considered to
reduce the harmonic distortion on the aside [5, 29, 32-33]. Both
the shunt and series branches of the UPFC contain 12-pulse
converter with three-level poles. A special design of a
converter operation by switching functions to improve a
complete three-phase model of UPFC is considered [31].

UPFC can be designed by transforming the three-phase
voltages and currents to D-Q variables using Park’s
transformation. This is can be done when switching functions
are approximated by their fundamental frequency components
neglecting [34]. As shown in Figure 2, the resistance and
reactance of the interfacing transformer of shunt and series
VSC are symbolized as Rsh, Xsh, Rse and Xse, respectively. The
magnitude control of shunt and series converter output voltages
Vshi and Vsei are accomplished by modulating the conduction
period affected by dead angles βsh and βse of individual
converters while DC voltage is maintained constant. The shunt
i
converter output voltage Vsh can be written as:

V shi  V D2( sh )  VQ2( sh )

(2)

V D ( sh )  k m1Vdc sin(1   )

(3)

VQ ( sh )  k m1Vdc cos(1   )

(4)

Where

k m1  (2 6 )  sh cos( sh )

for

a

12-pulse

converter, ρsh is the transformation ratio of the interfacing
transformer T1 and α is the angle by which the fundamental
component of shunt converter output voltage leads the port-1
voltage V1.
i

On the other hand, the series converter output voltage Vse
can also be written as:

Fig. 2.

Vsei  V D2( se )  VQ2( se )

(5)

V D ( se )  k m 2Vdc sin(1   )

(6)

VQ ( se )  k m 2Vdc cos(1   )

(7)

UPFC as a two port FACTS controller

www.etasr.com
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where km 2 = (2 6p )r se cos(b se ),
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 se is the transformation

ratio of the interfacing transformer T2 and γ is the angle by
which the fundamental component of series converter output
voltage leads the port-2 current Ι2.The DC side capacitor can
be mathematically described as:

dVdc
g


  c B  I dc1 B  I dc 2 B
dt
bc
bc
bc
where

(8)

Idc1 = - [km1 sin(q1 + a )Ish,D + km1 cos(q1 + a )Ish,Q ], Ish,D

and Ish,Q are D-Q components of the shunt converter current,
respectively and:

Fig. 3.

(9)

I R ( sh )   I D ( sh ) cos(1 )  I Q ( sh ) sin(1 ) (10)
Where  and

 sh

are calculated as:

VR ( sh),ord 

VP ( sh),ord 

  tan 1 

(11)

2

 V2
P ( sh ),ord  VR ( sh ),ord

k shVdc





 sh  cos 1 

(12)

In the case the shunt VSC is drawing real current and
inductive reactive current, (9) and (10) should be positive
values.

www.etasr.com

I dc2   [km2 sin(   )I 2,D  km2 cos(   )I 2,Q ].
B. Shunt Current Controller
The real current drawn by the shunt VSC is controlled by
phase angle  and the reactive current by modulating the
converter output voltage magnitude which depends on βsh. The
dynamical equations of the shunt current control are presented
in details in [28]. The schematic representation of type-1
controller for shunt current control is shown in Figure 3. In
order to keep the port-1 voltage magnitude at the specified
value, the reactive current reference of shunt converter can be
maintained constant or regulated.

Type-1 shunt current controller

In Figure 3, real and reactive currents can be represented as:

I P ( sh )  I D ( sh ) sin(1 )  I Q ( sh ) cos(1 )

1591

C. Series Voltage Controller
Figure 4 shows the type-1 controller structure for series
converter. The independent injection of real and reactive
voltage causes two operating combinations of series converter.
The first one is about constant reactive voltage and port-2
voltage control while the second is about constant reactive
voltage and constant resistance emulation.

The active power can be regulated and/or modulated by
controlling series reactive voltage reference [35-37]. On the
other hand, the reactive power in the line can be regulated by
controlling series real voltage injection and this is equivalent to
port-2 voltage control [28]. The voltage at port-2 of the UPFC
is related to that at port-1 and the voltage injected by series
VSC. For simplicity, the series transformer reactance is
clubbed with the line impedance. The voltage relation is given
by:

V2  VD22 VQ22  (VD1 VD(se) )2 (VD1 VD(se) )2
 (VP1 VP(se) )2 (VR1 VR(se) )2

(13)
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where VP1 and VR1 are the in-phase and quadrature
components of port-1 voltage V1 with respect to port-2 current
and VP(se) and VR(se) are the in-phase and quadrature components
i
of Vse with respect to port-2 current and can be written as:

V P ( se )  VD ( se ) sin   VQ ( se ) cos 

system has a stable operating point to the left of H 1 » 0.1984
and to the right of H 2 » 0.8241 and an unstable operating
point between H1 and H2.

(14)

V R ( se )  V D ( se ) cos   VQ ( se ) sin 

First Unit
1.04
Rotor Speed of the First Generator (pu)

(15)

1.02

1

0.98

0.96

0.94
0

5

Rotor Speed of the Second Generator (pu)

Fig. 5.

VP1 and VR1 can be computed from VD1, VQ1 and  by
assuming VR(se)= VR(se),ref. Real voltage VP(se) can be calculated
to be injected to obtain desired magnitude of V2 as shown in
Figure 4. In this case, there are two solutions of VP(se). The
solution which has the lower magnitude is chosen. In Figure 4,
γ and βse are expressed as:

V R ( se ),ord 

V P ( se ),ord 

  tan 1 

2
 V2
P ( se ),ref  V R ( se ), ref
 se  cos 
k seVdc


1

IV.

(16)






15

10

15

1.02

1
0.98

0.96
0.94

5

Time (sec)

Rotor speed of the generators at μ=0.25 with 1% initial disturbance
in rotor speed of the generators (without UPFC).

The operating point loses stability through subcritical Hopf
bifurcation at H1. It returns to stability case in a reverse Hopf
bifurcation at H2. In Hopf bifurcation, a pair of complex
conjugate eigenvalues of the linearized model around the
operating point transversally cross from left to right side of the
complex plane or vice versa. The type of the first Hopf
bifurcation at H1 which decides whether the limit cycles created
due to the Hopf bifurcation are stable or unstable has been
determined numerically by observing the time response of the
system after small disturbance slightly before H1.

(17)

NUMERICAL SIMULATIONS

A. System Response without UPFC
This subsection presents the results of the numerical
simulations when the power system has no UPFC. In this case,
the mathematical model of the system is represented by 27
ordinary nonlinear coupled differential equations [11]. The
synchronous generators are heavily loaded with an output
active power of 0.9 pu and output reactive power of 0.43 pu.
The response of the system with 1% initial disturbance on the
speed of the generator at μ=0.25 without UPFC is shown in
Figure 5. It can be concluded that the operating point of the
system is unstable. Figure 6 shows the bifurcation diagram of
the power system in this case, which is the steady-state value of
the first generator delta angle as function of the compensation
degree. Two Hopf bifurcation points are predicted. The power
www.etasr.com
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1.04

0.92
0

Type-1 Series voltage controller

Time (sec)

Second Unit

1.06

Fig. 4.
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Fig. 6.

Bifurcation diagram showing variation of the first generator rotor
angle with the compensation factor (without UPFC).

Figure 7 shows the response of the system with 2% initial
disturbance on the speed of the first generator at μ=0.1975,
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which is slightly lower than H1. It can be concluded that the
system operating point has an unstable behavior. Consequently,
the type of this Hopf bifurcation is subcritical and the periodic
solution emerging at the bifurcation point is unstable.

predict any bifurcations at all realistic compensation degrees
and therefore one can conclude that the UPFC and its
controllers have succussed in eliminating all bifurcations of the
power system at all practical compensation degrees.

First Unit

1.4

R otor S p e e d of th e F irs t G e n e ra tor (p u )

Rotor Speed of the First Generator (pu)
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Fig. 7.
Rotor speed of the generators at μ=0.1975 (slightly lower than H1)
with 2% initial disturbance in rotor speed of generator (without UPFC).

B. System Response with UPFC
The system response in case of adding UPFC after 2%
initial disturbance in generator rotor speed at μ=0.6 is shown in
Figure 8. In fact, testing of the system at all values of μ shows
that the system operating point does not lose stability for all
realistic values of compensation factor. Hence, the system
never experiences any bifurcations for this case. As a result, it
can be concluded that UPFC has succussed in stabilizing the
system operating point at all realistic bifurcation parameters
and therefore the Hopf bifurcation will never occur for all
values of the compensation factor.

V.

CONCLUSIONS

In this study, a controller is designed and considered for
UPFC to control bifurcations of subsynchronous resonance in
multi-machine power system. The system considered is a
modified version of the second system of the IEEE second
benchmark model of subsynchronous resonance where the
compensation degree μ=Χc/XL is the bifurcation parameter.
UPFC is used as a powerful technique based on economic and
technical considerations for controlling active and reactive
power flows in ac transmission lines as well as controlling the
bus voltage. It can also be used to improve the power system
stability with the help of the Power System Stabilizer (PSS).
When UPFC is not included, it is found that as the
compensation factor increases the system operating point loses
stability through subcritical Hopf bifurcation point at relatively
early compensation degree before regaining the stability at a
very late compensation level in a reverse Hopf bifurcation.
When UPFC is added to the system, the analysis does not

www.etasr.com
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Fig. 8.
Rotor speed of the first and second generator at μ= 0.60 with 2%
initial disturbance in rotor speed of generator (with UPFC controller).
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